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A NONISOPARAMETRIC HYPERSURFACE WITH CONSTANT
PRINCIPAL CURVATURES
ALBERTO RODRI´GUEZ-VA´ZQUEZ
Abstract. In this note we construct an explicit example of a (compact) confor-
mally flat Riemannian manifold which admits a totally geodesic foliation of codi-
mension one with no isoparametric leaves. This answers negatively the question:
is every hypersurface with constant principal curvatures isoparametric?
1. Introduction
A hypersurface M of a Riemannian manifold M is called isoparametric if it and all
its sufficiently close (locally defined) parallel hypersurfaces have constant mean curva-
ture. Cartan proved in [1] that a hypersurface in a Riemannian manifold of constant
curvature has constant principal curvatures if and only if it is isoparametric. In fact,
there are many examples of isoparametric hypersurfaces with nonconstant principal
curvatures in spaces with nonconstant curvature [2], [4]. However, it seems that there
are no examples in the literature of hypersurfaces with constant principal curvatures
which are not isoparametric. Even more than that, finding a nonisoparametric closed
hypersurface with constant principal curvatures in a complex projective space would
yield a counterexample to the longstanding Chern conjecture [4, Corollary 1.1].
In this note we construct a conformally flat metric in Rn that admits a (non-
Riemannian) foliation by totally geodesic, nonisoparametric hyperplanes. Moreover,
the metric and the foliation descend to the n-dimensional torus Tn. This provides an
example of a nonisoparametric hypersurface with constant principal curvatures in a
Riemannian manifold. Also, it shows that the equivalence between isoparametricity
and constancy of the principal curvatures in spaces of constant curvature does not
hold in the more general setting of conformally flat spaces.
In order to find such a metric, we need the isometry group to be sufficiently small
to spoil the good behaviour of parallel hypersurfaces. Indeed, if a conformally flat
space admits a transitive group of isometries, then it is locally symmetric [6], which
would lead us to the apparently outstanding problem of finding such an example in
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the context of symmetric spaces [3, §6]. On the other hand, we construct the metric
so that its isometry group is not too small so as to compute some geodesics explicitly.
2. The ambient manifold
Let (x1, . . . , xn) denote the usual coordinates in R
n and (∂1, . . . , ∂n) the associated
coordinate vector fields. For each n ≥ 2 we define a metric
gij(x1, . . . , xn) := h
2(x1, . . . , xn)δij ,
where δij is the Kronecker’s delta and
h(x1, . . . , xn) :=
n−1∏
i=1
(2 + cos(pixi)) ∈ R, for each (x1, . . . , xn) ∈ R
n.
Clearly, g is conformally flat. We will denote Rn equipped with the metric g by M
n
.
Remark 2.1. In particular g is invariant under translations of the lattice 2Zn.
Hence, our metric g descends to the torus Tn = Rn/(2Zn).
2.1. Christoffel symbols of M
n
. It is known that Christoffel symbols are given by
Γkij =
1
2
gkl
(
gjl,i + gli,j − gij,l
)
,
for i, j, k ∈ {1, . . . , n}, where we are using Einstein summation convention and we
have denoted the partial derivative with respect to xi by ,i. Thus,
Γkij =
δjk
2h2
h2,i +
δki
2h2
h2,j −
δij
2h2
h2,k.
Now for n ≥ 2 we have that
Γiii = (δin − 1)
pi sin(pixi)
2 + cos(pixi)
, Γkij = 0,(1a)
Γiij = (δjn − 1)
pi sin(pixj)
2 + cos(pixj)
, Γkii = (1− δkn)
pi sin(pixk)
2 + cos(pixk)
,(1b)
for mutually distinct i, j, k ∈ {1, . . . , n}.
2.2. Some vertical geodesics of M
n
. Let us define
Ω := {(a1, . . . , an−1, xn) ∈ R
n : ai ∈ Z, 0 ≤ i ≤ n− 1}.
Let a = (a1, . . . , an−1, xn) ∈ Ω and γa be the unit-speed geodesic starting at a with
initial direction ∂n. By the definition of g the following maps are isometries of M
n
for each i = 1, . . . , n
• Λi : (x1, . . . , xi, . . . , xn) ∈ R
n 7→ (x1, . . . ,−xi, . . . , xn) ∈ R
n,
• Ψi : (x1, . . . , xi, . . . , xn) ∈ R
n 7→ (x1, . . . , xi + 2, . . . , xn) ∈ R
n.
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Now, for each i ∈ {1, . . . , n− 1}, we consider the isometry Ψaii ◦ Λi. Then, we have
that γ˜a(t) := Ψ
ai
i ◦ Λi(γa(t)) is another geodesic given by
γ˜a(t) = (γ
1
a(t), . . . ,−γ
i
a(t) + 2ai, . . . γ
n
a (t)).
But γ˜a(t) and γa(t) have the same initial conditions. Hence, by uniqueness we have
that γia(t) = ai for each 1 ≤ i ≤ n− 1. Observe that h(a1, . . . , an−1, x) = 3
ρ for any
x ∈ R, where ρ is the number of even entries of (a1, . . . , an−1). Thus, since γa(t) is
parametrized by arc length we get that
(2) γa(t) = (a1, . . . , an−1, xn + 3
−ρt).
2.3. The Jacobi operator. It is clear that {∂i}
n
i=1 is an orthogonal global frame
for M
n
. We will compute R∂n , the Jacobi operator associated with ∂n.
All we have to do is to compute the entries Rinnj of the curvature tensor R for
each i, j ∈ {1, . . . , n}. If i = n or j = n, then Rinnj = 0. If i, j 6= n, then
Rinnj = 〈∇∂i∇∂n∂n, ∂j〉 − 〈∇∂n∇∂i∂n, ∂j〉 − 〈∇[∂i,∂n]∂n, ∂j〉.
On the one hand
〈∇∂i∇∂n∂n, ∂j〉 = 〈∇∂i(Γ
k
nn∂k), ∂j〉 = 〈Γ
k
nn,i∂k + Γ
k
nnΓ
l
ik∂l, ∂j〉 = h
2(Γjnn,i + Γ
k
nnΓ
j
ik),
and on the other hand
〈∇∂n∇∂i∂n, ∂j〉 = 〈∇∂n(Γ
k
in∂k), ∂j〉 = 〈Γ
k
in,n∂k + Γ
k
inΓ
l
nk∂l, ∂j〉 = h
2(Γjin,n + Γ
k
inΓ
j
nk).
Since [∂i, ∂j ] = 0, we conclude
(3) (R∂n)ij =
{
h2(Γjnn,i − Γ
j
in,n + Γ
k
nnΓ
j
ik − Γ
k
inΓ
j
nk), if i, j 6= n
0, in any other case.
3. The example
Let F = {Fs}s∈R, where Fs = {(x1, . . . , xn) ∈ R
n : xn = s}, for each s ∈ R. It
is clear that F is a foliation of codimension one on M
n
. Let S, H and νFs denote
the shape operator, the mean curvature and the normal bundle of Fs, respectively.
Then, each leaf is totally geodesic since ∂n ∈ Γ(νFs) and using (1a) and (1b), we
have that 〈S∂n∂i, ∂j〉 = −〈∇∂i∂n, ∂j〉 = −h
2Γjin = 0, for each i, j = 1, . . . , n− 1.
Remark 3.1. Again, since F is invariant by the action of 2Zn, this foliation descends
to the torus Tn.
Let us consider p ∈ Fs, γ : [0, ε) → M
n
a unit-speed geodesic with γ(0) = p and
γ˙(0) ∈ νpFs for some ε > 0, and M
r the parallel hypersurface of M at distance r > 0
satisfying γ(r) ∈M r. By the Riccati equation (cf. [5, Equation 3.8]), we have
d
dr
Srγ˙(r) = Rγ˙(r) + (S
r
γ˙(r))
2, S0γ˙(0) = S∂n ,
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where Srγ˙(r) is the shape operator of M
r at γ(r) with respect to the normal vector
γ˙(r). Now we take the trace, so
(4)
d
dr
Hrγ˙(r) = Ric(γ˙(r), γ˙(r)) + ||S
r
γ˙(r)||
2, H0γ˙(0) = H,
where Hrγ˙(r) denotes the mean curvature of M
r at γ(r), Ric is the Ricci tensor of M
n
and || · || the Hilbert–Schmidt norm of a matrix.
Now we prove that no leaf of F is isoparametric. Let us consider a ∈ Fs ∩ Ω for
some s ∈ R. First note that γ˙a = 3
−ρ∂n by (2). By (1a) and (1b), Γ
k
ij(γa(t)) = 0 and
Γnin = 0 . Hence, by (3), we have
Ric(γ˙a(r), γ˙a(r)) =
n−1∑
i=1
Γinn,i(γa(t)) = pi
2(1− n +
4
3
ρ),
where ρ is the number of even entries of (a1, . . . , an−1).
As a consequence, if a = (0, . . . , 0, s) ∈ Fs ∩ Ω and b = (1, . . . , 1, s) ∈ Fs ∩ Ω, we
get that
Ric(γ˙a(r), γ˙a(r)) =
n− 1
3
pi2 > 0 and Ric(γ˙b(r), γ˙b(r)) = (1− n)pi
2 < 0.
But in our case, ||Sγ˙a(0)||
2 = ||Sγ˙b(0)||
2 = 0. Therefore, by (4), we deduce that
d
dr
|r=0H
r
γ˙a(r)
> 0 and d
dr
|r=0H
r
γ˙b(r)
< 0. This way we can conclude that, for small
r > 0 the mean curvature of the parallel hypersurface of Fs at distance r > 0, is not
constant. Then, Fs is not isoparametric.
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